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STABILITY OF NEWTON BOUNDARIES OF A FAMILY 
OF REAL ANALYTIC SINGULARITIES 

MASAHIKO SUZUKI 

ABSTRACT. Let .1; (x ,y) be a real analytic t-parameter family of real analytic 
functions defined in a neighborhood of the origin in JH.2 . Suppose that J;(x, .1') 
admits a blow analytic trivilaization along the parameter 1 (see the definition 
in § I of this paper). Under this condition, we prove that there is a real analytic 
t-parameter family ar(x, y) with ao(x, .1') = (x, y) and ar(O, 0) = (0, 0) of 
local coordinates in which the Newton boundaries of .1; (x . y) are stable. This 
fact claims that the blow analytic equivalence among real analytic singularities 
is a fruitful relationship since the Newton boundaries of singularities contains 
a lot of informations on them. 

In an equisingular problem it is important to determine which equivalence 
among singularities is the best. It should be as strong as possible if the number of 
equivalence classes is kept in the admissible range. If we can find an appropriate 
equivalence relation, we wilrhave a fruitful equisingular problem. In the theory 
of complex analytic singularities it is well known that the topological equivalence 
is just so. 

Oka [7] shows the following: If a complex analytic t-parameter family J;(x , y) 
(It I « 1) of complex analytic functions in a neighborhood of the origin has 
a constant Milnor number f.1 at the origin and the Newton boundary of fa 
intersects the x, y-axes at two points, then there exists a complex analytic t-
parameter family a,(x, y) of local coordinates with 0',(0, 0) = (0, 0) and 
ao(x, y) = (x, y) such that the Newton boundaries of J; associated with the 
local coordinate a/x, y) are stable. Since f.1-constancy and topological con-
stancyof J;-I (0) are equivalent (see [6]), this result also means that the New-
ton boundaries of a topologically constant family J;(x, y) are stable in some 
complex analytic family a,(x, y) of local coordinates. It is well known that the 
Newton boundaries of singularities have a lot of information on them. Hence 
the result claims that the topological equivalence among complex analytic sin-
gularities is strong enough and it is natural that the equisingular problem with 
respect to this equivalence relation is fruitful. 
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Now we ask whether Oka's aforementioned result is correct for a real analytic 
family of real analytic functions with constant topological type. The answer is 
not affirmative. A counterexample is given as follows. 

Example. Let J;(x, y) be the real analytic t-parameter family of real analytic 
functions in a neighborhood of the origin, given by the formula: J;(x, y) = i + 
tx3 + x 5 (t E R). It is clear that J;-I (0) is topologically constant, but there exist 
no real analytic family O"/(x, y) with 0"0 (x , y) = (x, y) and 0"/(0,0) = (0, 0) 
of local coordinates of JEt2 in which the Newton boundaries of J;(x, y) are 
stable. 

This example claims that the topological equivalence (homeomorphism) 
among real analytic singularities is too weak in some sense. 

Next we consider the blow analytic equivalence among real analytic singular-
ities proposed by T. C. Kuo (see [2]). It is slightly weaker than bianalytic and 
much stronger than homeomorphism. He investigated real analytic families of 
real analytic functions which admit blow analytic trivializations (abbreviated to 
BAT) and he obtained beautiful results in his succesive papers (see [3]-[5]). We 
consider Oka's result for a real analytic family of real analytic functions which 
admits a BAT, and we obtain the following: 

Theorem. Let f(x, y, t) be a real analytic family of real analytic functions of 
two variables x, y in a neighborhood of the origin, parametrized by tEl, 
where I is an interval in R containing the origin. Assume that f admits a 
BAT along I and the Newton boundary of fa intersects the x, y-axes at two 
points. Then there exists a real analytic t-parameter family of local coordinates 
O"/(x, y) = (x(t), y(t)) (It I « 1) such that 

(i) 0"/(0, 0) = (0, 0) and 0"0 (x , y) = (x, y), 
(ii) r(J;; 0"/) = ruo; (x, y)), 

where J; is the restriction of f to N x {t} and r(J;; 0"/) denotes the Newton 
boundary of.~ associated with the coordinate O"/(x, y) . 

This result ensures that the blow analytic equivalence is strong enough and 
it is as fruitful as the topological equivalence in the complex case. It is also the 
converse of Theorems A and B in [1] in a wide sense. 

In § 1 we will explain some definitions of our terms and we will state our 
results more precisely. We will present their proofs in subsequent sections. 

1. RESULTS AND DEFINITIONS 

Let f(x, y) be a germ of a real analytic function defined in a neighborhood 
of 0 E JEt2 and assume that f( 0) = O. Let L aijx l i be the Taylor series of f 
at the origin. Let r + u; (x, y)) be the convex hull of the union 

U{U, j) + JEt!la i ) -1= O} (JEt+ = {x E JEtlx;::: O}). 
1.1 

Let ru; (x, y)) be the union of compact faces of r+u; (x, y)) and call 
r + u; (x, y)) the Newton polygon of f associated with the coordinate system 
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(x, y) and r(f; (x, y)) the Newton boundary of f associated with the coor-
dinate system (x, y). We say that f is convenient if r(f; (x, y)) intersects 
the x, y-axes at two points. For any face y E r(f; (x, y)) we set 

f( ) ~ i j r x, y = ~ aijx y 
(l,j)E r 

and we call f,(x, y) the restriction of f(x, y) to the face y. 
i 

Let ]R2(U, v) and ]R2(U' , v') be copies of ]R2 , where (u, v) and (u' , v') are 
coordinate systems of ]R2 . Let L be the Mobius strip, that is, the 2-manifold 
which has two coordinate patches ]R2(U, v) and ]R2(U' , Vi) with UV = v' and 
u'v = 1. Note that 

2 2 I I I 
]R (u,v)n]R (u ,v)={u ~O}={v~O}. 

Let p: L ---> ]R2 be the map defined by p(u, v) = (u, uv) and p(u' , Vi) 

(U'V ' , Vi). Note that the restriction 
-1 2 

pllf'-p-'(O): Jt - P (0) -->]R - {a} 

is bianalytic. We call p the blowing-up of ]R2 with center the origin. 
More generally we define the blowing-up of a manifold with center a point. 

Let ff be a real analytic manifold of dim 2 withou. boundary and let U be a 
coordinate neighborhood of p E ff. Let (x, y) be a coordinate system of U, 
i.e., U c::::' ]R2(X, y). Let ,A/' be the real analytic manifold obtained by attaching 
ff - {p} to L by means of the map 

-1 2 P I If' _ p - , (0): ,£ - P ( 0) --->]R - {O} c::::' U - {p} , 

and let 7r: //1' --> ff be the map such that the following diagram commutes: 

DIAGRAM 1.1 
where ik (k = 1, 2, 3) are inclusions. Then it follows that ff and 7r are 
independent of a choice of coordinate systemes of U up to isomorphisms (see 
the construction of H in §3). We call 7r the blowing-up of ff with center 
p Eff. 

We recall the definition of BAT (MAT) in [2]. Let I = [a, b] be a closed 
interval in R, and if a homeomorphism between two neighborhoods OJ! , 'Y 
of 7r -1 (0) x I in ff x j with the following properties: 

(1) if is t-Ievel preserving; 
(2) it is bianalytic; 
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(3) it leaves n- I (p) x] invariant. 
Then if induces the t-Ievel preserving h~meomorphism H between two neigh-
borhoods V, CZ/ (V = n(V), CZ/ = n(CZ/)) of {p} x] in ff x] which leaves 
{p} x] pointwise fixed. We call such a homeomorphism a blow-analytic twisting 
of .IY x ] along ] with center {p} x ] . 

Suppose that] contains the origin, and let f: ff x ] -+ lR be a real analytic 
function with f(p, t) = O. We say that f admits a blow-analytic trivialization 
(abbreviated to BAT) along] with center {p} x] if there exists a blow-analytic 
twisting H of ffx] along] with center {p}x] such that foH is independent 
of t E ]. Then replacing the U by a smaller neighborhood if necessary, we get 

DIAGRAM 1.2 

where fo := fL1X{0}' Ho:= HlttnJx{o} , the four slopping arrows are projec-
tions on ] and the i's are inclusions. 

From now on we shall use the same notations for germs of functions at a 
point as their representations in a neighborhood of the point if no confusion 
should arise. Let (x, y) be a coordinate system of the neighborhood U of 
p E ff , and ~I the set {(x, y) E lR21(x, y) E ru;; (x, y)), x + y = the order 
of 1;}. Now we have the following three lemmas. 

Lemma 1. Assume that f admits a BAT along] with center {p} x] and assume 
that 

as a germ at the origin. Then there exist germs e(t), ott) and ai(t) (i = 
1 , ... , y), at t = 0, of real analytic functions which satisfy the following condi-
tions; 

(i) 1; 6 (x, y) = (x - o(t)y)"(y - e(t)x)p(2:;=oai(t)xY-ii) , 
(ii) e(O)1 = 0(0) = 0 and ai(O) = ai (i = 1, ... , y), 

(iii) 2: ai(t)xY- i yi does not divide by (x -o(t)y) or (y - e(t)x) in lR{x, y}, 

Lemma 2. Assume that f admits a BAT along ] with center {p} x] and 
assume that ~I = ~o for any t E] and f O,60 (x, y), as a germ at the origin, has 
no powers of x (resp. y) only. Then there exists a positive number IJ such that 
the map 

f 0 (n x id[ ): ff x] -+ lR 
'I ry 
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admits a BAT longs IYJ with center {o} x II] (resp. {o'} x I YJ ), where 0 (resp. 
0') is the origin of the coordinate patch ll~? (u , v) (resp. ]R2 (u' , v')) of 7C -I (u) . 

Lemma 3. Assume that f admits a BAT along I with center {p} x I and assume 
that noncompact faces of r + u; ; (x , y)) are independent of tEl. Then we have 

ref,: (x, y)) = ruo: (x, y)) for It I « 1. 

Suppose that ./f/ = U ~ ]R2(X, y) , and we consider the real analytic function 
f: U x I ----+ ]R. Then we obtain our main theorem from these lemmas. 

Theorem. Assume that f admits a BAT along I with center {p} x I and 
fo(x, y), as a germ at the origin, is convenient. Then there exists a real an-
alytic family of local coordinates at(x, y) = (x(t), y(t)) (It I « 1) of U such 
that 

(i) at(O, 0) = (0, 0) and ao(x, y) = (x, y), 
(ii) ru;; at) = ruo; (x, y)), 

where 1; is the restriction of f to ./f/ x {t} and r(1; ; at) is the Newton boundary 
of the germ of 1; at the origin associated with the coordinate at (x, y) . 

Remark. If fo(x, y) has an isolated singularity at the origin, the generality 
would not be lost under the hypothesis "convenience" since fo(x, y) is finitely 
determined, i.e., the analytic type of fo(x, y) is invariant after adding terms 
with higher degrees than some one. 

We will prove the above-mentioned results in the following sections. 

2. PROOF OF LEMMA 1 

We obtain the following addition to Diagram 1.2: 

DIAGRAM 2.1 
where V is a small neighborhood of p E ./f/ , and Ho denotes the restriction 

~ ~ - ~ ~ 1 
of H to VnJY"x{O}. We set H=Ho((HOlrr-l(V))- xid/). Then f admits 
a BAT via the blow-analytic twisting H 0 (Ho I v ) - 1 x id / of ./f/ x I with center 
{p} x I induced by H because H has the following properties: 

(i) It is a t-level preserving bianalytic mapping. 
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(ii) It leaves n - 1 ( 0) x I invariant. 
(iii) f 0 (n x idJ ) 0 H is independent of tEl 0 

And moreover H has another property 
(iv) H 0 is the identity, where H/ denotes the restriction of H to n -I (V) X 

{t} 0 

First we work in the coordinate patch ]R2 (u, v) of n -I (U) :::::: L 0 There 
exists a neighborhood 'Jr of the origin in ]R2(U, v) x I such that H-1('Jr) c 
]R2(U, v) x I since H- 1 has the origin as a fixed point. We set (0, e(t), t) := 
H(O, 0, t) E 'Jr for (0, 0, t) E H- 1 ('Jr) 0 Then e(t) is a real analytic function 
with e(O) = 0 because of the real analycity of Hand Ho = idrr-I(V) 0 We set 

---I 2 H I;¥(u, v, t) =: (rp(u, v, t), IJf(U, v, t), t) E]R (u, v) x I, 

'7P';:= 'JP" n (]R2(U, v) X {t}), 
rp/ := rpl~, 1Jf/ := 1Jf1~ 0 

Then by making ~ smaller if necessary, we can represent the real analytic 
functions rpl' 1Jf/ in the neighborhood ~ of (0, e(t)) as 

rp/(u, v) = U 0 rp;(u, v), 

1Jf/(u, v) = (v - e(t)) 01Jf;(u, v) + U olJf;'(u, v), 

where rp;(O, e(t)) -I- 0 and 1Jf;(0, e(t)) -I- 00 
On the other hand we can write, in ~, 

i" 
I" o+P+i ~ P+i n+p+;+1 r Joon(u,v)=u ~aiv +U Jo(u,v)o 

i=O 

Thus we have, in ~;, 
---I 

lt0n(u,v)=!o0noH/ (u,v) 

n+p+; ~ P+i = rp/ (u, v) ~ ailJf/ (u, v) 
/=0 

00 

_ o+P+? ~ '()( _ (t))P+i n+p+;+1 r( ) - U ~ a i t v e + u J/ U, V , 

i=O 

where the a;(t) (i 2 0) are real analytic in to Since the first part in the last 
side is equal to It t> ° n(u, v), it must be a polynomial of degree a + f3 + y 
with respect to v ~~d we have, in ~, 

0+;" 

= (uv - e(t)u)p L a;(t)u,,+?-i (uv - e(t)u)i 0 

i=O 
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Thus we obtain 
n+i 

(*) 1; ,/>.{ (X, y) = (y - e(t)x)p L a;(t)x"+i-i (y - e(t)x)i 
i=O 

in an open set n(~ - {u = O}) C AI' whose topological closure contains the 
origin of lE.2(X, y). Hence it follows that (*) holds in a neighborhood of the 
origin by the theorem of identity. 

Since a~(O) = ao ' we obtain a~(t) =I 0 for any t (It I ~ 1) , and thus 
n+y 

(y - e(t)x) t L a;(t)x,,+Y-i (y - e(t)x)i in lE.{x, y}, 
i=O 

that is, 2:;':6 a;(t)x,,+Y-i(y - e(t)x)i does not divide by the factor (y - e(t)x) 
in the ring lE.{x,y}. 

Secondly by the same argument in another coordinate patch lE.2(u', v'), it 
follows that there exist real analytic functions <5(t) , a;' (t) (i = 0, ... , fJ + y) 
in t (It I ~ 1) with <5(0) = 0 such that 

)'+P 
1; A (x, y) = (x - <5(t)y)" La;' (t)yP+Y-i(X - <5(t)y)i 

i=O 

in a neighborhood of the origin and 
y+P 

(x - <5(t)y) t La;'(t)yP+Y-i(x - <5(t)y)i in lE.{x, y}. 

Since the factors (x-<5(t)y) and (y-e(t)x) are relatively prime in lE.{x, y}, 
we obtain 

i 

1;A(x, y) = (x - <5(t)y((y - e(t)x)p Lai(l)xi-iyi 
i=O 

in a neighborhood of the origin of lE.2(X, y) for any t (It I ~ 1). It is trivial 
that ai(t) (i = 0, ... , y) are real analytic in t and ai(O) = ai' (i = 0, ... , y) . 
This completes the proof. 0 

3. PROOF OF LEMMA 2 

Assume that fro A (x, y) = x.l'yP (2:"-0 a.xi-iy') , aoa" =I O. Then by means . tlo 1- I / 

of Lemma 1 we can find real analytic functions <5(t) , e(t) as in Lemma 1 so 
that 

1;A(x, y) = (x - <5(t)y)"(y - e(t)x)p (Poai(t)x;'-i/) 

for any l E Iry = [-tT, tT] (n small enough). If e(t) =I 0 for some t E Iry' the 
1; />. (x, y) must contain the term x"+P+;' with nonzero coefficient. But this 
c~ntradicts our hypothesis, and we obtain e(t) = 0 for any tEl". Then the 
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map H in the proof of Lemma 1 has an addition to the properties (i)-(iv): 

the property H(O, 0, t) = (0,0, t) for any tEl". Now let 7[1 :./f/ -+./f/ be 
the blowing-up of ./f/ with center {~} (the 0 is the origin of ]R2(U, v) C ./f/) . 
Then there exists a bianalytic map H such that the diagram 

7[~I(O)xI'7 i 
~ 

!o(nxid, )1-
'1 7//) ~ 

r 
7[~1(0) X II) ~ 

i 
-----> V 

p 

DIAGRAM 3.1 

commutes, where p := Proj O(7[l n -I(V) x idJ), '7/" V n (./f/ x I,,), '7/" .-

(7[1 x idJ"l-I('7/I))' ;-I(V) := 7[~I(7[-I(V)), and the four sloping arrows and 

the i's are as in Diagram 1.2. In fact the map if is constructed as follows. Let 

.=' -I -I :::::::: 
H : (7[ (V) - 7[1 (0)) X I" -+ '7/1) 

be the lift of H, that is, the injective bianalytic map defined by 

Then it is clear that this map and its inverse can be extended analytically beyond 
7[ -I (0) xl", so that the extended map H is bianalytic. Th~s H is a blow-

analytic twisting of ./f/ x I" with center {o} X I" induced by H and it follows 
that 10 (7[ X idJ ) admits a BAT along I with center {o} x I . 

'I " II 
By the same argument in ]R2(U', v') it follows that 10 (7[ X idJ ) admits a 

'I 

BAT along I" with center {o'} x II)' This completes the proof. 0 

4. PROOF OF LEMMA 3 
We will prove this lemma by using the method analogous to Oka's in [7]. 

It is a well-known result that there exists a successive sequence 7[0' ... ,7[k of 
blowing-ups with center a point such that 10 0 7[0 0 ..• 0 7[k can be represented 
locally in terms of a product of powers of suitable local coordinates in a neigh-
borhood of (7[ k 0 ... 0 7[0) -I (p) (in other words we can resolve the singularity 
of fa at p). 

Let qUo; p) be the minimum number of succesive blowing-ups by which we 
can resolve the singularity of fa at p. We will prove this lemma by means of 
the induction on the number qUo; p). 
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(1) Case of qUo; p) = O. We can represent fa locally near p as follows: 

fo(x, y) = e(X, y)(ax + by + higher)"(cx + dy + higher)P, 
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where a,pENU{O}, ad-bc"l-O and e(X,y) is a unit in the ring ~{x,y}. 
First suppose that ad "I- O. Then we can write 

fo(x, y) = e(X , y){xhl (x, y) + i kl (y))" {yh2(x, y) + x,u k2 (x)}P , 

where hi (i = 1, 2) are units in ~{x, y} and kl E ~{y} (resp. k2 E ~{x}) 
with kl (y) == 0 (resp. k2(x) == 0) or kl (0) "I- 0 (resp. k2(0) "I- 0). We consider 
the following four cases. 

Case 1. The case of kl (0) "I- 0 and k2(0) "I- O. Then fa(x, y) is clearly given 
by the formula 

" P r ~ ~ o--/+,uj fJ- j+Xi JO(x, y) = L.... L ... ,cij(X , y)x y , 
i=O j=O 

where cij(x,y) (i=O, ... ,o:;)=O, ... ,P) are units in ~{x,y}. We set 
p = 0: - i + /1), q = P - ) + Ai. Then we have 

q + AP = P + AO: + ) (A/1 - 1) ~ P + AO: 

and thus ['Uo; (x, y)) is illustrated in Figure 4.1. 
If /1 > 1 , then 

Since f admits a BAT along I with center {p} x I , by means of Lemma I we 
obtain the formula: 

1; t. (x, y) = (y - e(t)X/ (c(t), x" + ... ) for any t (It I « 1), 
• I 

where c(t), e(t) E ~{t} with e(O) = 0 and c(O) = co' Suppose that e(t) ¥= O. 
Then .r; t. (x, y) contains the term x,,+P with nonzero coefficient, but this 
contradi~t~ the hypothesis. Thus e(t) == O. 

Now we consider the function fa 0 n in a neighborhood of the origin of the 
coordinate patch ~2(U, v) of '/11. We obtain the formula 

fo 0 n(u, v) = fa(u, uv) = e(u, v)u"+P {vh 2(u, uv) + U,u-l k2(u)}P, 

y 

--+~---''"---,=--x o a a+Jl~ 

FIGURE 4.1 
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v 

-+----'---->---u 
o a+ ~ a+ I!~ 

FIGURE 4.2 

where e is a unit of lR2 {u, v}. Noting that h2 (u, uv) is a unit of lR2 {u, v} , 
f(fo on; (u, v)) is illustrated as follows: 

Next we consider real analytic functions CfJ t ' If/t in ~ as in the proof of 
Lemma 1. Since e(t) == 0, we obtain 

for any t (It I « 1), where CfJ;, If/; are units in lR {u, v}. Thus 

1; ° n(u, v) = fo ° n ° H;I(U, v) = e(u, v)u"+P {vh2(u, v) + uPk2(u)}P, 

where pEN U {O}, e and h2 are units in lR{u, v}. By the hypothesis that 
noncompact faces of f + (1; ; (x, y)) are stable, we obtain that p = J1 - 1 and 
k2 is a unit in lR{ u}. Thus 

f(1; 0 n; (u, v)) =f(foon; (u, v)) for any t (It I «1). 

Since f(1; on; (u, v)) maps to [(1;; (x , y)) by the correspondence (~) --+ 

(U-V) we obtain 
v ' 

2 2 f(1;; (x, y)) n {(x, y) E lR In ~ x} = [(fa; (x, y)) n {(x, y) E lR In ~ x} 

for any t (It I «1). 
If J1 = 1 , it is clear that the above formula holds. 
On the other hand, in the same way as above we obtain 

2 2 f(1;; (x, y)) n {(x, y) E lR 1ft ~ y} = f(fo; (x, y)) n {(x, y) E lR 1ft ~ y} 

for any t (It I « 1). Thus in Case 1 

f(1;; (x, y)) = f(fa; (x, y)) for any t (It I « 1). 

Case 2. The case of kl (y) == 0 and k2(0) -I- O. 

Case 3. The case of kl (0) -I- 0 and k2 (y) == O. 

In each case f(fo; (x, y)) is illustrated as in Figure 4.3 and Figure 4.4, 
corresponding to Case 2 and Case 3 respectively. In both cases we obtain the 
required result in the same way as Case 1. 

Case 4. The case of kl (y) == 0 and k2(x) == O. Then [(fa; (x, y)) is illus-
trated as follows: 
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FIGURE 4.3 

: .. ~ 
-+---'----_x o a 

FIGURE 4.5 

y 

FIGURE 4.4 

By the hypothesis we obtain the required result immediately in this case. 
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Secondly suppose that ad = O. Then be i:- 0 and we obtain the required 
result in the same way as in the case of ad i:- 0 . 

Hence the lemma is valid in the case of q(fo; p) = O. 

(2) Case of q(fo; p) > O. We set 

" fJ (~ y-i i) fo,l'1o(x, y):= x y ~aix y , 

and there exist germs of real analytic function e(t), <5(t) and ai(t) as in Lemma 
1 such that 

for any t (It I « 1). We consider the four cases according to the values of a 
and p. 

In the case of a = p = 0, both (y, 0) and (0, y) are in nfo,l'1o; (x, y)) 
and ru; 1'1 ; (x, y)) for any t (It I « 1) and thus we have 

, I 

nfo; (x, y)) = ru; 1'1 ; (x, y)) for any t (It I « 1). 
, I 

In the case of a > 0 and p = 0 , if <5 (t) =1- 0 then (0, a + y) E ru; ; (x , y)) , 
but this contradicts the hypothesis. Thus we obtain <5(t) == O. 

In the case of a = 0 and p > 0 (resp. a > 0 and P > 0) , if e(t) =1- 0 (resp. 
e(t) =1- 0 or <5(t) =1- 0) then we obtain the same contradiction as above. Thus 
we obtain e(t) == 0 (resp. e(t) == 0 and <5(t) == 0) . 
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Y V 

~+y -- ~+y 
I il, I ru,o n) 

~ 
I 

~ --T 
I I nt,) I I 

I , 
I I , , , 
I I 

, , 
I I 

aa+y X u 0 y' 0 a+~+y y' 
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Hence in any case 

and 
ru; t1 ; (x, y)) = ruo t1 ; (x, y)) 

, I ' 0 

for any t (It I « 1). 
Suppose that P > O. Note that ru~ 0 n; (u, v)) maps to ru~; (x, y)) by 

the correspondence (~) --+ (U~iJ). It is clear that one of the noncom pact faces 
of ru; 0 n ; (u , v)) is {( u, v) I u = a + P + 1', P :::; v} and it is independent of t 
(It I « 1). Another noncompact fact of it is invariant under the correspondence 
above. Thus noncompact faces of ru; 0 n; (u, v)) are stable for any t (It I « 
1), and moreover, from Lemma 2 it follows that f 0 (n x id, ) admits a BAT 

'I 

along I~ with center {a} x I" (the a is the origin of lR?(u, v)). Since qUo 0 

n; 0) < qUo; p) , from the hypothesis of our induction we obtain 

ruo 0 n; (u, v)) = ru; 0 n; (u, v)) for any t (It I « 1), 

and thus 

ru;; (x, y)) n {(x, y)la:::; x} 
= ru~; (x, y)) n {(x, y)la :::; x} for any t (It I « 1). 

Suppose that a > O. Then we obtain 

ru;; (x, y)) n {(x, y)IP :::; y} 
= r(fo; (x, y)) n {(x, y))IP :::; y} for any t (It I « 1) 

in the same way as in the case of P > O. 
Hence we obtain 

ru;; (x, y)) = ruo; (x, y)) for any t (It I « 1). 

This completes the proof of this lemma. 0 
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5. PROOF OF THEOREM 

We use the method of [7]. Let (x', y') be a coordinate system for U. We 
o± I I I ') I set U = U, (uo±' vo±) = (uo±' vo±) = (x ,Y and 0o± = 0o± = P E U. 

Next we define inductively real analytic manifolds Uk±, real analytic maps 
k± U k± U(k-1l±· U k± d d' ( ) p: ~ , pomts 0k± E an coor mates uk± ,vk± ' 

(u~±, v~±) according to the signs +, - respectively as follows. Let /+: 
U k+ ~ U(k-1l+ (resp. /-: Uk± ~ U(k-l l-) be the blowing-up of U(k-l l+ 

(resp. U(k-l l-) with center o(k-ll+ (resp. O;k_l)_) and let JR2(Uk+, vk+) and 
2 I I 2 2 I I . JR (u k+, vk+) (resp. JR (uk_, 'Uk_) and JR (uk_, vk_)) be two coordmate 

patches of (/+)-I(JR2(U(k_l)+' v(k-ll+)) (resp. (/-)-I(JR2(U;k_ll_' v;k-ll-))) 
. I I ( I I wIth uk+vk+ = vk+ and uk+Vk+ = I resp. Uk_Vk_ = vk_ and uk_Vk_ = 1). 

Then 

k+ 
P (u k+, vk+) = (uk+, uk+vk+) = (U(k_I)+' v(k_I)+) 

I I I k+ I I 
= (uk+vk+' vk+) = P (uk+, vk+) 

and 
k- I I 

P (uk_, vk_) = (uk_, Uk_vk_) = (U(k-Il-' v(k-Il-) 
I I I k- I I 

= (uk_ vk_, vk_) = P (uk_, vk_)· 

We set nk± = p 1± 0 ... 0 /±: Uk± ~ U. Note that 

Now we set 

mOT = the order of fo(X' y), 
k+ 

mk+ = the order of 10 0 n (uk+, vk+) (k ~ I), 
I k+ 

Ak+ = {(uk+, vk+) E f(fo 0 n ; (uk+, vk+))luk+ + Vk+ = mk+} (k ~ 1). 

Let Ao+ be the set {(x, y) E 1(10; (x, y))lx + y = mOT} and let Ak+ be the 
fact of f(fo; (x, y)) corresponding to A~+ by the map 

( Uk+) ~ (Uk+ - kVk+) . 
Vk+ vk+ 

Suppose that 

r ( ) "I PI JlO A x, Y = x Y 
• '-'0 
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By Lemma 1 we can find germs of real analytic functions e l (t), 61 (t) and ai(t) 
(i = 1 , ... , Y I) as in Lemma 1 so that 

We set 
1+ a (x, y, t) = (XI (t), Y I (t), t) = (x - 61 (t)y, y - el (t)x, t). 

Then (XI (t), YI (t)) is a real analytic family of coordinates of U and 

1+ -I 
{(XI' Y I ) E ru; 0 (at) ; (XI' YI))lxI + Y I 

{' 1+-1 } = the order of Jt 0 (at ) (XI' YI ) = L10+ 

for any t (It I « 1), where a/+ = a l +IJR 2(XI ,y1)x{t}' 

Next we set 

I/k+ = min{YI there exists X such that (x, y) E L1k+} , 

I/~+ = max{YI there exists X such that (x, y) E L1k-t-} 

and there exists YEN such that 

I > ... > I 1/0+ - - 1/(;_1)+' 

We prove the following assertion by means of induction. 

Assertion 5.1. There exist a positive number 11k+ and a bianalytic map 

k+ 2 2 
a : IR (X, y) X 1M ~ IR (Xk+, Yk+) X In 

"/'" + "/"+ 
(k = 1, ... , y) 

(X, y, t) ~ (xk+(t) , Yk+(t), t) 

such that 
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(1) crk+ (x, y, 0) = (x, y, 0), cr k+ (0, 0, t) = (0, 0, t) , 
1, k+ -I I 

(2) r( to (crt ) ; (xk+, Yk+)) n {(xk+, Yk+)lvk+ ::; Yk+ ::; vk+} = Llk+' 
(3) ru; 0 (crtk+)-I; (xk+, Yk+)) n {(xk+, Yk+)lv l + ::; Yk+} 

= ru; 0 (cr/+)-I; (xl +, Y1+)) n {(x l+, yl+)lv l + ::; Y1+}, 
h k+ k+1 were crt = cr if!.'(x,.,y,+)x{t}' 

Proof of the assertion. There exist a positive number rlk+ and a bianalytic map 
'Lk+: fj x I --+ U x I such that the diagram 

11,+ 11k+ 

DIAGRAM 5.1 

~k+)-l 

fi Lx/ 
-----"/,'--+1 lR 

v 

commutes, where V is a small neighborhood of p E U and fj := p -I (U) , 
V := p -I (V) and the four sloping arrows, the i's, ii, and H together are as 
in §1. Note that the 'Lk+ can be constructed as ii in §3. Thus crk+ oHl vXid/ 

II/..:+ 

is a blow-analytic twisting of U x I with center {p} x I and f 0 (crk+)-I 
~+ ~. 

admits a BAT along I with center {p} x I . 
~+ ~+ 

Next we set (xk+, Yk+) = (x' ,y') and we consider the map nk+: Uk+ --+ U. 

Recall that nk+(uk+, vk+) = (uk+, U~+Vk+) = (xk+, Yk+)' By the hypothesis 
of the induction, the faces associated with the initial part of 1; 0 (crtk+) -I 0 

nk+(uk+, vk+) are Ll~+ and they are independent of tEl . Thus if k < y, 
11, + 

by Lemma 2 f 0 (crk+)-I 0 (n(k+I)+ x id[ ) admits a BAT along I with 
(t,+lH- l1{k-t-l i+ 

center {o(k+ I)+} x I for some positive number ~(k+ 1)+ . Suppose that 
t7(k+l J+ 

h ... 1 f I' (k+)-I (k+IH'( ) t e Imtla part 0 Jo 0 cro 0 n uk+, Vk+ 

k Then by Lemma 1 we can find ek(t) and a i (t) (i = 1, '" , h) such as e(t), 
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Qi(t) (i = 1, ... , y) in Lemma 1 so that 

h ... I f r (k+)-I (k+I)+( t e 1ll1t1a part 0 )t 0 at 0 n: uk+, vk+) 

_ ", ( -,() )p, ~ k() 'h-i i ( 
'h ) 

- uk+ Vk+ - u t uk+ i:o'Qi t uk+ . vk+ ' 

where cx~ = cxk - k(Pk + Yk) = rno + . , . + m k - k(Pk + Ik) . 
Now we set 

(k+I)+ 
a (xk+' Yk+' t) = (X(k+I)+(t) , Y(k+I)+(t) , t) 

k+1 
= (Xk+1 ' Yk+1 - ek(t)Xk+ ,t). 

Then it follows that a(k+I)+ satisfies conditions (1), (2) and (3) in the assertion. 
It is trivial that (1) and (2) are satisfied by a 1k+ 1)+ . We can show that condition 
(3) is satisfied by a(k+ 1 J+ as follows. We have 

for k ::::: 2. 

The Newton boundary of the last side of (*) in the (X(k+IJ+' Y(k+I)+)-plane is 
in the half-line emanating from the startpoint (p, q) running parallel to the 
face il(k+I)+ for k ::::: 2. Thus it follows easily that if (p, q) E r+u; 0 (a;+)-I ; 
(Xk+ ' Yk+)) then all the terms in the last side of (*) are on or over the line 
containing each face 

Ik+I)+ -I 
Y E ru; 0 (at ); (X(k+I)+' Y1k+1)+)) n {Vk+1 ::::: Y(k+I)+} for k ::::: 2. 

Thus we have 
Ik+I)+ -I 

ru; 0 (at ); (Xk+I' Yk+I)) n {(Xk+IYk+I)lv l+ ::::: Yk+ l } 
1+ -I } = ru; 0 (at ) ; (x1+, Y1+)) n {(x l+, yl+)lv l+ ::::: Y1+ for k ::::: 2. 

Hence condition (3) is satisfied by a 1k+ 1)-'-. By the induction the assertion is 
proved. 

Next we set J' = f 0 (a,,+)-I and it follows that J' admits a BAT along 
II]. with center {p} x 1'1+ . We do the same argument for ru;;; (x;.+, Y;.+)) n 
{(~/+, Yi+)lv l+ ::::: Y;.+} b~ using n:k- etc. We set 

rno_ = the order of 10 (x;.+ ' Y;.+) , 
r k- I I 

rn k _ = the order of )0 0 n: (u k _, v k _) (k::::: 1), 
I I I r k- I I I I 

ilk_ = {(u k_, vk_) E r()o 0 n: ; (uk_, vk_))luk_ + vk_ = rn k_} (k ::::: 1). 
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Let Llo_ = Llo+ and let Llk_ be the face of ru;;; (x;.+, y/+)) corresponding to 
Ll~_ by the map 

We set 

Vk_ = min{x[ there exists y such that (x, y) E Llk _}, 

v~_ = max{x[ there exists y such that (x, y) E Llk _} 

and there exists y' E N such that 
Vi > ... > Vi I 
0-- - (y-I)-' 

Then we obtain the following assertion in the same way as the previous assertion. 

Assertion 5.2. There exist a positve number Yfk- and a bianalytic map 

k- 2 2 
a : lE. (x/+, y/+) X 1'1;'_ -+ R (x/_, y;,_) X 111;,_ (k=l, ... ,y), 

(xy'+' y/+, t) -+ (xy'_(t), y/_(t), t) 

such that 
(1) a k - (x, y, 0) = (x, y, 0) I a k - (0, 0, t) = (0, 0, t) I 

(2) ru;' 0 (a,k-)-I; (xk_, Yk-)) n {xk_, Yk_)[vk_ :s: Yk- :s: v~_} = Llk_ I 

(3) ru;'o (atk-)-I ; (xk_, Yk-)) n {(xk_, Yk_)[v1_ :s: Yk-} 

= ru;;; (xy+' Yy+)) n {(x/+, y),+)[v l + :s: Y/+} I 

h k- k-[ were at = a 1R'(x~ .},,+. x{t} . 

Hence r+u/ 0 (atk-)-I; (xy'_' Yy'_)) has two invariant noncom pact faces 

r+Uo;(x,y))n{(x,y)[x=O} and r+(fo;(x,y))n{(x,y)[y=O}. 

Since J' 0 (a/-)-I admits a BAT along 1'1/_ with center {p} x 111 ,_ as we 
showed in the proof of Assertion 5. 1, by Lemma 3 we obtain ' 

r' /- -I r' /- -I r(Jt 0 (at ) ; (xy'_' y;-,_)) = r(Jo 0 (ao ) ; (x/_, y/_)). 

Thus it is clear that a(x, y, t) = a/ 0 a Y+ (x, y, t) satisfes the conditions in 
Theorem. This completes the proof. 0 
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